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Àííîòàöèÿ

Íà êàíîíè÷åñêîé ãðóïïå Ýíãåëÿ Eα,β èçó÷åíû ñâîéñòâà cc-êðàò÷àéøèõ,

ÿâëÿþùèõñÿ ¾ïîäíÿòèåì¿ cc-êðàò÷àéøèõ êàíîíè÷åñêîé ïåðâîé ãðóï-

ïû �åéçåíáåðãà H
1
α. Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ íà êàíî-

íè÷åñêîé ãðóïïå Ýíãåëÿ Eα,β ââåäåíû â ðàññìîòðåíèå ñïåöèàëüíûå

(q1, q2)-êâàçèìåòðèêè dcq, íå ÿâëÿþùèåñÿ àíàëîãàìè Box-êâàçèìåòðèê,

è èçó÷åíû èõ ñâîéñòâà. Äîêàçàíî, ÷òî äëÿ äîñòàòî÷íî øèðîêîãî íà-

áîðà ïàðàìåòðîâ α, β (q1, q2)-êâàçèìåòðèêè dcq íå ÿâëÿþòñÿ (1, q)-

êâàçèìåòðèêàìè.
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Abstra
t

On the 
anoni
al Engel group Eα,β the properties of the cc-shortest, whi
h

are ¾uplift¿ of the cc-shortest of 
anoni
al �rst Heisenberg group H
1
α, are

studied. Based on the results obtained on the 
anoni
al Engel group Eα,β,

spe
ial (q1, q2)-quasimetri
s dcq are introdu
ed, whi
h are not analogous to

the Box-quasimetri
s, and their properties are studied. It is proved that for

a su�
iently wide set of parameters α, β (q1, q2)-quasimetri
s dcq are not

(1, q)-quasimetri
s.
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� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

(q1, q2)-êâàçèìåòðè÷åñêèì ïðîñòðàíñòâîì [1℄�[3℄ íàçûâàåòñÿ ïàða (X, ρX),
ãäå X � íåêîòîðîå ìíîæåñòâî, ñîäåðæàùåå íå ìåíåå äâóõ ýëåìåíòîâ, ρX :
X × X → R+ ∪ 0 � íåêîòîðàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ àêñèîìå òîæ-

äåñòâà

ρX(x, y) = 0 ⇔ x = y
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(â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ρX � �óíêöèÿ ðàññòîÿíèÿ) è (q1, q2)-îáîáùåí-
íîìó íåðàâåíñòâó òðåóãîëüíèêà, ò. å.

ρX(x, y) ≤ q1ρX(x, z) + q2ρX(z, y) ∀x, y, z ∈ X, q1, q2 > 0.

Íåñëîæíî ïîêàçàòü, ÷òî q1, q2 ≥ 1.
Åñëè q1 = q2 = 1, òîãäà (X, ρX) � êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî [4℄.

Åñëè äëÿ (q1, q2)-êâàçèìåòðè÷åñêîãî ïðîñòðàíñòâà (X, dX) âûïîëíÿåòñÿ óñ-
ëîâèå îáîáùåííîé ñèììåòðèè

ρX(x, y) ≤ q0ρX(y, x) ∀x, y ∈ X,

ãäå q0 ≥ 1, òî (q1, q2)-êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî (X, ρX) ÿâëÿåòñÿ

q0-ñèììåòðè÷åñêèì; â ñëó÷àå q0 = 1 èñïîëüçóåòñÿ ïîíÿòèå ñèììåòðè÷å-

ñêîãî (q1, q2)-êâàçèìåòðè÷åñêîãî ïðîñòðàíñòâà. Íåñëîæíî óñòàíîâèòü, ÷òî
ëþáîå ñèììåòðè÷åñêîå (q1, q2)- êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî ÿâëÿåòñÿ è
(q2, q1)-êâàçèìåòðè÷åñêèì. Ìåòðè÷åñêîå ïðîñòðàíñòâî � ýòî ñèììåòðè÷å-

ñêîå (1, 1)-êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî.
×àñòíûìè ñëó÷àÿìè (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâ ÿâëÿþòñÿ

b-ìåòðè÷åñêèå ïðîñòðàíñòâà.

Îïðåäåëåíèå 1.1 ([5, 6, 7℄). Ïàðà (X, d), ãäåX � íåêîòîðîå ìíîæåñòâî,

d : X × X → R+ ∪ 0 � íåêîòîðàÿ ñèììåòðè÷åñêàÿ �óíêöèÿ ðàññòîÿíèÿ,

óäîâëåòâîðÿþùàÿ Q̂-îáîáùåíîìó íåðàâåíñòâó òðåóãîëüíèêà

d(x, z) ≤ Q̂(d(x, y) + d(y, z)), Q̂ = const ∀x, y, z ∈ X (1.1)

íàçûâàåòñÿ b-ìåòðè÷åñêèì ïðîñòðàíñòâîì.

Â ëèòåðàòóðå, ñâÿçàííîé �óíêöèîíàëüíûìè ïðîñòðàíñòâàìè è òåîðèåé

îòîáðàæåíèé, b-ìåòðè÷åñêèå ïðîñòðàíñòâà òàêæå íàçûâàþò êâàçèìåòðè-

÷åñêèìè ïðîñòðàíñòâàìè, ñì. [8℄.

Íåòðèâèàëüíûìè ïðèìåðàìè (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâ ÿâ-
ëÿþòñÿ ïðîñòðàíñòâà (Lp(E), ρLp(E)), ρLp(E)(f1, f2) = ‖f1−f2‖p, ãäå 0 < p <

1, E � èçìåðèìîå îãðàíè÷åííîå ïîäìíîæåñòâî Rn
, ‖ · ‖p �ñòàíäàðòíàÿ

íîðìà ïðîñòðàíñòâà Lp(E), è ïðîñòðàíñòâà Êàðíî�Êàðàòåîäîðè M, ñíàá-

æåííûå BoxM-êâàçèìåòðèêàìè [9℄�[13℄.

Êîíöåïöèÿ (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâ áûëà ââåäåíà â ðàáî-
òàõ [1℄� [3℄, ãäå áûëà ðàçðàáîòàíà òåîðèÿ òî÷åê ñîâïàäåíèÿ äâóõ îòîáðà-

æåíèé, äåéñòâóþùèõ â ýòèõ ïðîñòðàíñòâàõ, îäíî èç êîòîðûõ ÿâëÿåòñÿ íà-

êðûâàþùèì, à äðóãîå ëèïøèöåâûì.

Äëÿ äàííîé �óíêöèè ðàññòîÿíèÿ ρX ðàññìîòðèì ñîâîêóïíîñòü âñåõ ïàð

(q1, q2) òàêèõ, ÷òî äëÿ ρX âûïîëíÿåòñÿ (q1, q2)-îáîáùåííîå íåðàâåíñòâî òðå-
óãîëüíèêà. Ìíîæåñòâî Q = Q(X, ρX) âñåõ òàêèõ ïàð (q1, q2) ìû íàçîâåì
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îáëàñòüþ äîïóñòèìûõ ïàðàìåòðîâ äëÿ (q1, q2)-êâàçèìåòðèêè ρX . Âîîáùå
ãîâîðÿ, äëÿ ïðîèçâîëüíîé �óíêöèè ðàññòîÿíèÿ ìíîæåñòâî Q(X, ρX) ìî-
æåò îêàçàòüñÿ è ïóñòûì. Òàêèì îáðàçîì, ρX ÿâëÿåòñÿ íåêîòîðîé (q1, q2)-
êâàçèìåòðèêîé òîãäà è òîëüêî òîãäà, êîãäà Q(X, ρX) 6= ∅. �îâîðÿ î òîì,

÷òî �óíêöèÿ ðàññòîÿíèÿ ρX ÿâëÿåòñÿ (q1, q2)-êâàçèìåòðèêîé, ìû ïîäðà-

çóìåâàåì, ÷òî Q(X, ρX) 6= ∅, a (q1, q2) � íåêîòîðàÿ òî÷êà èç ìíîæåñòâà

Q(X, ρX).
Îñîáûé èíòåðåñ ïðåäñòàâëÿþò (1, q)-êâàçèìåòðè÷åñêèå ïðîñòðàíñòâà

(strong b-metri
 spa
es [7℄). Òàêèå ïðîñòðàíñòâà áèëèïøèöåâî ýêâèâàëåíò-

íû êâàçèìåòðè÷åñêèì, ñì. [7, 9℄. Îòìåòèì, ÷òî äëÿ (q1, q2)-êâàçèìåòðèê ρX
òàêèõ, ÷òî Q(X, ρX) = {(q1, q2) | q1 > 1, q2 > 1}, êâàçèìåòðèê, áèëèïøèöå-
âî ýêâèâàëåíòíûõ ρX , ìîæåò è íå ñóùåñòâîâàòü, ñì. [9℄.

Ñâîéñòâî 1.2 (ñì. [1℄). Ñèììåòðè÷åñêàÿ (q, 1)-êâàçèìåòðèêà íåïðå-

ðûâíà ïî êàæäîìó èç àðãóìåíòîâ.

Íåïðåðûâíîñòü â Ñâîéñòâå 1.2 ïîäðàçóìåâàåòñÿ â òîïîëîãèè, èíäóöè-

ðîâàííîé ¾îòêðûòûìè¿ (q1, q2)-êâàçèìåòðè÷åñêèìè øàðàìè, ñì. [1℄.

Ñëåäñòâèå 1.3. Åñëè ñèììåòðè÷åñêàÿ (q1, q2)-êâàçèìåòðèêà íå ÿâëÿ-

åòñÿ íåïðåðûâíîé õîòÿ áû ïî îäíîìó èç àðãóìåíòîâ, òî îíà è íå ÿâëÿåòñÿ

(q, 1)-êâàçèìåòðèêîé.

�ðóïïû Êàðíî G è áîëåå îáùèå ýêâèðåãóëÿðíûå ïðîñòðàíñòâà Êàðíî�

Êàðàòåîäîðè M, ñíàáæåííûå Box-êâàçèìåòðèêàìè BoxM, ÿâëÿþòñÿ âàæ-

íûìè ÷àñòíûìè ñëó÷àÿìè ñèììåòðè÷åñêèõ (1, q2)-êâàçèìåòðè÷åñêèõ ïðî-

ñòðàíñòâ [9℄�[12℄; áîëåå òîãî, q2 6= 1 â îáùåì ñëó÷àå, ñì. [11℄. Box-êâàçè-

ìåòðèêè áûëè ââåäåíû Íàéäæåëîì, Ñòåéíîì è Âýéíãåðîì â ðàáîòå [13℄

äëÿ ïîëó÷åíèÿ îöåíîê ÿäåð íåêîòîðûõ íåýëëèïòè÷åñêèõ äè��åðåíöèàëü-

íûõ îïåðàòîðîâ (òèïà ñóáëàïëàñèàíà), èíäóöèðîâàííûõ âåêòîðíûìè ïî-

ëÿìè, óäîâëåòâîðÿþùèìè óñëîâèþ Õåðìàíäåðà. Box-êâàçèìåòðèêè èãðà-

þò îãðîìíóþ ðîëü â ãåîìåòðè÷åñêîì àíàëèçå íà ïðîñòðàíñòâàõ Êàðíî�

Êàðàòåîäîðè [12℄.

�àññìîòðèì ñâÿçíîå ãëàäêîå ìíîãîîáðàçèå M, dimM = N , è C∞
-

ãëàäêèå âåêòîðíûå ïîëÿ {X1, . . . , Xn}, n < N , óäîâëåòâîðÿþùèå óñëîâèþ

Õåðìàíäåðà íà M (ñóáðèìàíîâî ìíîãîîáðàçèå [12, 15, 16℄). Âåêòîðíûå

ïîëÿ X1, . . . , Xn è ïîäðàññëîåíèå HM ⊂ TM, íàòÿíóòîå íà X1, . . . , Xn, íà-

çûâàþòñÿ ãîðèçîíòàëüíûìè. Àáñîëþòíî íåïðåðûâíàÿ êðèâàÿ γ = γ(s) :
[0, s0] → M íàçûâàåòñÿ ãîðèçîíòàëüíîé, åñëè γ̇(s) ∈ HM(γ(s)) ïî÷òè âñþ-
äó. Ïî òåîðåìå �àøåâñêîãî�×îó [12, 15, 16℄ ëþáûå äâå òî÷êè u, v ∈ M
ìîæíî ñîåäèíèòü ãîðèçîíòàëüíîé êðèâîé γ êîíå÷íîé äëèíû l(γ); çäåñü
äëèíà l(γ) ïàðàìåòðèçîâàííîé êðèâîé γ : [a, b] → M âû÷èñëÿåòñÿ ïî �îð-
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ìóëå l(γ) =
b∫
a

√
gM(γ̇(t), γ̇(t)) dt, ãäå gM(·, ·) � �îðìà ñòàíäàðòíîãî ðèìà-

íîâà ñêàëÿðíîãî ïðîèçâåäåíèÿ ìíîãîîáðàçèÿ M.

Îïðåäåëåíèå 1.4. �àññòîÿíèå Êàðíî�Êàðàòåîäîðè rcc(u, v) äëÿ ëþ-
áûõ äâóõ òî÷åê u, v ∈ M îïðåäåëÿåòñÿ êàê

rcc(u, v) = inf
γ
{l(γ) | γ � ãîðèçîíòàëüíàÿ êðèâàÿ, ñîåäèíÿþùàÿ òî÷êè u, v}.

Â äàëüíåéøåì àáñîëþòíî íåïðåðûâíóþ ãîðèçîíòàëüíóþ êðèâóþ γ, ñî-

åäèíÿþùóþ òî÷êè u, v, òàêóþ, ÷òî rcc(u, v) = l(γ), ìû áóäåì íàçûâàòü

cc-êðàò÷àéøåé.

Ïóñòü âåêòîðíûå ïîëÿ {Xi}i=1,...,n, óäîâëåòâîðÿþùèå óñëîâèþ Õåðìàí-

äåðà, òàêîâû, ÷òî ðàçìåðíîñòü hi âåêòîðíîãî ïîäïðîñòðàíñòâà Hi(x) ⊂
TxM, x ∈ M, íàòÿíóòîãî íà çíà÷åíèÿ âñåõ êîììóòàòîðîâ âåêòîðíûõ ïîëåé

X1, . . . , Xn äî ïîðÿäêà i − 1, i = 1, . . . , r, âêëþ÷èòåëüíî (ïîä êîììóòàòî-

ðàìè íóëåâîãî ïîðÿäêà ïîäðàçóìåâàþòñÿ âåêòîðíûå ïîëÿ {Xi}i=1,...,n), íå

çàâèñèò îò âûáîðà x äëÿ êàæäîãî i, h1 = n (ñì. [15℄). Â ýòîì ñëó÷àå áóäåì

ãîâîðèòü, ÷òî ìíîãîîáðàçèå M îáëàäàåò ýêâèðåãóëÿðíîé ïîëÿðèçàöèåé H1

ñ áàçèñîì âåêòîðíûõ ïîëåé {Xi}i=1,...,n, à ïàðó (M,rcc) áóäåì íàçûâàòü ýê-

âèðåãóëÿðíûì ïðîñòðàíñòâîì Êàðíî � Êàðàòåîäîðè (ñð. ñ [15℄). Îïðåäå-

ëèì âåêòîðíûå ïîëÿ {Xi}i=1,...,N òàê, ÷òî X1(x), . . . , Xhi
(x) îáðàçóþò áàçèñ

âåêòîðíîãî ïðîñòðàíñòâà Hi(x) äëÿ âñåõ x ∈ M. Ìîæíî ïðîâåðèòü, ÷òî

âåêòîðíûå ïîëÿ {Xi}i=1,...,N óäîâëåòâîðÿþò ñëåäóþùåé òàáëèöå êîììóòà-

òîðîâ

[Xi, Xj] =
∑

degXk≤degXi+degXj

Ck
ijXk,

ãäå degXi = min{j | Xi ⊂ Hj}. Ââåäåì â ðàññìîòðåíèå ñëåäóþùóþ �óíê-

öèþ

BoxM(g, u) = max
i=1,...,N

{
|ai|

1/degXi | u = exp(Xa)(g)
}
, (1.2)

ãäå Xa =
N∑
i=1

aiXi, a = (a1, . . . , aN) � äîñòàòî÷íî ìàëûé ïî äëèíå âåêòîð,

exp(Xa)(g) = x(1), x(s) � ðåøåíèå ñëåäóþùåé çàäà÷è Êîøè

ẋ(s) = Xa(x(s)), s ∈ [0, 1], x(0) = g.

Èç (1.2) âûòåêàåò, ÷òî �óíêöèÿ BoxM óäîâëåòâîðÿåò àêñèîìå òîæäåñòâà,

à òàêæå àêñèîìå ñèììåòðè÷íîñòè. Êðîìå òîãî, â ñëó÷àå ýêâèðåãóëÿðíûõ

ïðîñòðàíñòâ Êàðíî � Êàðàòåîäîðè èìååò ìåñòî ñëåäóþùèé �àêò, âûòå-

êàþùèé èç èçâåñòíîé òåîðåìû Ball-Box, äîêàçàííîé Íàéãåëîì, Ñòåéíîì è

Âàéíãåðîì [13℄.
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Òåîðåìà 1.5 (Ball-Box). Äëÿ êàæäîé òî÷êè u ∈ M íàéäóòñÿ åå îêðåñò-

íîñòü Ou ⊂ M è êîíñòàíòà cu > 0 òàêèå, ÷òî

BoxM(v, w)

cu
≤ rcc(v, w) ≤ cuBoxM(v, w) ∀v, w ∈ Ou.

Âàæíûì ÷àñòíûì ñëó÷àåì ýêâèðåãóëÿðíûõ ïðîñòðàíñòâ Êàðíî�Êàðà-

òåîäîðè ÿâëÿþòñÿ ãðóïïû Êàðíî (ñì. [17, 18℄), â ÷àñòíîñòè, ãðóïïû �åé-

çåíáåðãà è Ýíãåëÿ (ñì. [14, 19℄).

Â ñâÿçè ñî ñëîæíîé ñòðóêòóðîé cc-êðàò÷àéøèõ (ñì., íàïðèìåð, [20℄�

[25℄) ìåòðèêà rcc ìàëîïðèãîäíà äëÿ âû÷èñëåíèé. Ó÷èòûâàÿ Òåîðåìó Ball-

Box, äëÿ ïîëó÷åíèÿ òåõ èëè èíûõ îöåíîê íà ýêâèðåãóëÿðíûõ ïðîñòðàí-

ñòâàõ Êàðíî � Êàðàòåîäîðè ïðàêòè÷åñêè âñåãäà èñïîëüçóþòñÿ íåêîòîðûå

ýêâèâàëåíòíûå ìåòðèêå Êàðíî � Êàðàòåîäîðè q0-ñèììåòðè÷åñêèå (q1, q2)-
êâàçèìåòðèêè òèïà BoxM (ñì., íàïðèìåð, [12, 13℄). Â íàñòîÿùåé ðàáîòå

íà êàíîíè÷åñêîé ãðóïïå Ýíãåëÿ Eα,β (ñì. � 5) ìû îïðåäåëÿåì íåêîòîðóþ

(q1, q2)-êâàçèìåòðèêó dcq, â êàêîì-òî ñìûñëå çàíèìàþùóþ ¾ïðîìåæóòî÷-

íîå¿ ìåñòî ìåæäó ìåòðèêîé Êàðíî�Êàðàòåîäîðè è Box-êâàçèìåòðèêîé

ãðóïïû Eα,β. Èäåÿ êîíñòðóêöèè äàííîé (q1, q2)-êâàçèìåòðèêè dcq îñíîâà-

íà, ñ îäíîé ñòîðîíû, íà åñòåñòâåííîé âçàèìîñâÿçè êàíîíè÷åñêèõ ãðóïïû

�åéçåíáåðãà H1
α (ñì. � 2) è ãðóïïû Ýíãåëÿ Eα,β (ñì. � 3), ñ äðóãîé ñòîðî-

íû � íà ñâîéñòâàõ cc-êðàò÷àéøèõ ãðóïïû �åéçåíáåðãà H1
α (ñì., íàïðè-

ìåð, [20℄). Ôàêòè÷åñêè, ìû ¾ïîäíèìàåì¿ cc-êðàò÷àéøèå ãðóïïû H1
α äî

cc-êðàò÷àéøèõ ãðóïïû Eα,β è ¾äîñòðàèâàåì¿ ïîëó÷åííîå ðàñïðåäåëåíèå

cc-êðàò÷àéøèõ ãðóïïû Eα,β ïðè ïîìîùè ýëåìåíòîâ öåíòðà ãðóïïû Eα,β äî

2-çâåííûõ ëîìàíûõ, íà îñíîâå êîòîðûõ ââîäèòñÿ (q1, q2)-êâàçèìåòðèêà dcq
(� 5.1). Â ðàáîòå óñòàíîâëåíî, ÷òî �óíêöèÿ dcq èíâàðèàíòíà îòíîñèòåëüíî

äåéñòâèÿ îäíîïàðàìåòðè÷åñêîé ïîäãðóïïû ðàñòÿæåíèé è ëåâûõ ñäâèãîâ

ãðóïïû Ýíãåëÿ Eα,β (Òåîðåìà 5.1), ÿâëÿåòñÿ ñèììåòðè÷åñêîé �óíêöèåé

ðàññòîÿíèÿ (Ñëåäñòâèå 5.2, Òåîðåìà 5.1), áèëèïøèöåâî ýêâèâàëåíòíîé ìåò-

ðèêå Êàðíî�Êàðàòåîäîðè ãðóïïû Ýíãåëÿ Eα,β (Òåîðåìà 5.5), îòêóäà ñðà-

çó âûòåêàåò Q̂-îáîáùåííîå íåðàâåíñòâî òðåóãîëüíèêà (1.1) äëÿ dcq (Ñëåä-

ñòâèå 5.6). Ïðè ýòîì ñóùåñòâóþò ïàðàìåòðû α, β òàêèå, ÷òî �óíêöèÿ ðàñ-

ñòîÿíèÿ dcq íå áóäåò (1, q)-êâàçèìåòðèêîé (Óòâåðæäåíèå 5.8).

Îòìåòèì, ÷òî â ïîñëåäíåå âðåìÿ àêòèâíî èññëåäóþòñÿ ñâîéñòâà cc-

êðàò÷àéøèõ ãðóïïû Ýíãåëÿ. Òàê, â ðàáîòå Â. Í. Áåðåñòîâñêîãî è È. À. Çó-

áàðåâîé [26℄ 
 ïîìîùüþ ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷è îï-

òèìàëüíîãî áûñòðîäåéñòâèÿ â êîîðäèíàòàõ ïåðâîãî ðîäà íàéäåíû ýêñòðå-

ìàëè ïðîèçâîëüíîé ëåâîèíâàðèàíòíîé ñóá�èíñëåðîâîé ìåòðèêè íà ãðóïïå

Ýíãåëÿ, îïðåäåëÿåìîé ðàñïðåäåëåíèåì ðàíãà 2. Â ðàáîòàõ À. À. Àðäåíòîâà

è Þ. Ë. Ñà÷êîâà [21℄�[24℄ ïðîâåäåíî äåòàëüíîå èññëåäîâàíèå ëåâîèíâàðè-

àíòíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ýíãåëÿ; â ðàáîòå À. Þ. Ïîïî-
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âà è Þ. Ë. Ñà÷êîâà [25℄ îïèñàíà ñòðóêòóðà ïåðåñå÷åíèÿ ñóáðèìàíîâîé

ñ�åðû íà ãðóïïå Ýíãåëÿ ñ äâóìåðíûì èíâàðèàíòíûì ìíîæåñòâîì äèñ-

êðåòíûõ ñèììåòðèé. Êîîðäèíàòû, èñïîëüçóåìûå â ðàáîòàõ [21℄�[25℄, îò-

ëè÷àþòñÿ îò êîîðäèíàò 1-ãî ðîäà, êîòîðûå ëåæàò â îñíîâå îïðåäåëåíèÿ

êàíîíè÷åñêîé ãðóïïû Ýíãåëÿ Eα,β. Èç ðåçóëüòàòîâ ðàáîò [21℄�[24℄ âûòåêà-

åò, ÷òî âñå cc-êðàò÷àéøèå ãðóïïû Ýíãåëÿ ÿâëÿþòñÿ ãëàäêèìè êðèâûìè.

Â ðàáîòàõ [24℄, [25℄ ïîëó÷åíû îïèñàíèÿ òî÷åê ãðóïïû Ýíãåëÿ, êîòîðûå ñî-

åäèíÿþòñÿ ñ åå íåéòðàëüíûì ýëåìåíòîì áîëåå ÷åì îäíîé cc-êðàò÷àéøåé;

íàñòîÿùàÿ ðàáîòà è ðàáîòû [24℄, [25℄ èñïîëüçóþò ðàçíûå ñèñòåìû êîîðäè-

íàò, òåì íå ìåíåå, ðåçóëüòàòû Ñâîéñòâ 4.5, 4.6 â íåêîòîðîì âèäå ñîäåðæàòñÿ

â ñîîòâåòñòâóþùèõ ðåçóëüòàòàõ ðàáîò [24℄, [25℄.

� 2. Êàíîíè÷åñêàÿ ãðóïïà �åéçåíáåðãà H1
α

Îïðåäåëåíèå 2.1 ([11℄). Êàíîíè÷åñêîé (ïåðâîé) ãðóïïîé �åéçåíáåðãà

H1
α íàçûâàåòñÿ à��èííî-âåêòîðíîå ïðîñòðàíñòâî R3

ñ ñèñòåìîé êîîðäèíàò

(x, y, t) è ãðóïïîâîé îïåðàöèåé · : R3 × R3 → R3
, îïðåäåëÿåìîé ïðàâèëîì

w ·w′ = Lww
′ = (x, y, t)·(x′, y′, t′) =

(
x+x′, y+y′, t+t′+

α

2
(xy′−x′y)

)
, (2.1)

�ðóïïîâàÿ îïåðàöèÿ ñòðîèòñÿ çäåñü ïðè ïîìîùè �îðìóëû Êýìïáåëëà�

Õàóñäîð�à [27℄ (ñì. äåòàëè, íàïðèìåð, â [11℄). Íåéòðàëüíûé ýëåìåíò ãðóï-

ïû H1
α ñîâïàäàåò ñ O′ = (0, 0, 0); äëÿ ëþáîãî w = (x, y, t) ∈ H1

α ìû èìååì

w−1 = (−x,−y,−t) = −w.
Çíà÷åíèå áàçèñíûõ ëåâîèíâàðèàíòíûõ âåêòîðíûõ ïîëåé X, Y, T (áàçèñ

ßêîáè [17℄) â êàæäîé òî÷êå w = (x, y, t) îïðåäåëÿåòñÿ êàê

(X, Y, T )(w) =
∂Lw(x

′, y′, t′)

∂(x′, y′, t′)

∣∣∣
(x′,y′,t′)=(0,0,0)

;

èõ êîîðäèíàòíàÿ çàïèñü èìååò âèä

X =
(
1, 0,−

α

2
y
)
, Y =

(
0, 1,

α

2
x
)
, T = (0, 0, 1). (2.2)

Íåòðóäíî ïðîâåðèòü, ÷òî âåêòîðíûå ïîëÿ X, Y, T óäîâëåòâîðÿþò ñëå-

äóþùåé ¾òàáëèöå êîììóòàòîðîâ¿

[X, Y ] = αT, [X, T ] = [Y, T ] = ~0. (2.3)

Âåêòîðíûå ïîëÿ X, Y, T ÿâëÿþòñÿ êàíîíè÷åñêèìè [28℄ â ñëåäóþùåì

ñìûñëå

exp(s(aX + bY + cT ))(O′) = (sa, sb, sc), a, b, c = const, s ∈ [0, s0].
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Îïðåäåëèì Box-êâàçèìåòðèêó BoxH1
α
íà ãðóïïå H

1
α ñëåäóþùèì îáðàçîì.

Ïóñòü u, v ∈ H1
α, òîãäà v = u · (u−1v) = uc, ãäå c = (c1, c2, c3) ∈ H1

α. Òîãäà

BoxH1
α
(u, v) = max{|c1|, |c2|, |c3|

1

2}. (2.4)

Îäíîïàðàìåòðè÷åñêàÿ ïîäãðóïïà ðàñòÿæåíèé δε : H1
α → H1

α, ε ≥ 0, äåé-
ñòâóåò íà ýëåìåíòû u = (x, y, t) ïî ïðàâèëó

δεu = (εx, εy, ε2t).

Ñëåäóþùèå ñâîéñòâà, íàçûâàåìûå èíâàðèàíòíîñòüþ Box-êâàçèìåòðèêè

îòíîñèòåëüíî äåéñòâèé ðàñòÿæåíèé è ëåâûõ ñäâèãîâ, ÿâëÿþòñÿ ïðÿìûì

ñëåäñòâèåì �àêòîâ îáùåé òåîðèè, ñì. [17℄, íî èõ íåñëîæíî ïðîâåðèòü íåïî-

ñðåäñòâåííî:

BoxH1
α
(δεu, δεv) = εBoxH1

α
(u, v),

BoxH1
α
(Lwu, Lwv) = BoxH1

α
(u, v) ∀u, v, w ∈ H

1
α.

Âåêòîðíûå ïîëÿX, Y � ãîðèçîíòàëüíûå. Ïóñòü σ = σ(s) = (x, y, t)(s) ⊂
H1

α, σ(0) = (x0, y0, t0), s ∈ [0, s0], � ãîðèçîíòàëüíàÿ êðèâàÿ. Òîãäà äëÿ

ïî÷òè âñåõ s ∈ [0, s0] âûïîëíÿåòñÿ

σ̇(s) = ẋ(s)X(σ(s)) + ẏ(s)Y (σ(s)) =
(
ẋ, ẏ,

α

2
(xẏ − yẋ)

)
,

îòêóäà

ṫ(s) =
α

2
(xẏ − yẋ). (2.5)

Èç (2.5) ñëåäóåò

t(s) = t0 +
α

2

s∫

0

(xẏ − yẋ) ds. (2.6)

Ôîðìóëó (2.6) ìîæíî èíòåðïðåòèðîâàòü êàê �îðìóëó âîññòàíîâëåíèÿ ãî-

ðèçîíòàëüíîé êðèâîé σ(s) ïî åå ¾ãîðèçîíòàëüíîé ñîñòàâëÿþùåé¿ (x, y)(s)
è íà÷àëüíîìó óñëîâèþ (x0, y0, t0).

� 3. Êàíîíè÷åñêàÿ ãðóïïà Ýíãåëÿ Eα,β

Îïðåäåëåíèå 3.1 ([11, 19℄). Êàíîíè÷åñêîé ãðóïïîé Ýíãåëÿ Eα,β íàçûâà-

åòñÿ à��èííî-âåêòîðíîå ïðîñòðàíñòâî R4
ñ ñèñòåìîé êîîðäèíàò (x, y, t, z)

è ãðóïïîâîé îïåðàöèåé · : R4 × R4 → R4
, îïðåäåëÿåìîé ïðàâèëîì

w · w′ = Pw(x
′, y′, t′, z′) =

= (x, y, t, z) · (x′, y′, t′, z′) =
(
x+ x′, y + y′, t+ t′ +

α

2
(xy′ − x′y),

z + z′ +
β

2
(xt′ − x′t) +

αβ

12
(x− x′)(xy′ − x′y)

)
, α, β > 0. (3.1)
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�ðóïïîâàÿ îïåðàöèÿ ñòðîèòñÿ çäåñü ïðè ïîìîùè �îðìóëû Êýìïáåëëà�

Õàóñäîð�à [27℄ (ñì. äåòàëè, íàïðèìåð, â [11℄). Íåéòðàëüíûé ýëåìåíò ãðóï-

ïû Eα,β ñîâïàäàåò ñ íà÷àëîì êîîðäèíàò O = (0, 0, 0, 0) ∈ R4
; äëÿ ëþáîãî

ýëåìåíòà w = (x, y, t, z) îáðàòíûé ê íåìó ýëåìåíò èìååò âèä

w−1 = (−x,−y,−t,−z) = −w.

Çíà÷åíèå áàçèñíûõ ëåâîèíâàðèàíòíûõ âåêòîðíûõ ïîëåé X, Y, T, Z (áà-

çèñ ßêîáè [17℄) â êàæäîé òî÷êå w = (x, y, t, z) îïðåäåëÿåòñÿ êàê

(X, Y, T, Z)(w) =
∂Pw(x

′, y′, t′, z′)

∂(x′, y′, t′, z′)

∣∣∣
(x′,y′,t′,z′)=(0,0,0,0)

;

èõ êîîðäèíàòíàÿ çàïèñü èìååò âèä

X =
(
1, 0,−

α

2
y,−

β

2
x−

αβ

12
xy

)
, Y =

(
0, 1,

α

2
x,
αβ

12
x2
)
,

T =
(
0, 0, 1,

β

2
x
)
, Z = (0, 0, 0, 1). (3.2)

Íåòðóäíî ïðîâåðèòü, ÷òî âåêòîðíûå ïîëÿX, Y, T, Z óäîâëåòâîðÿþò ñëå-

äóþùåé ¾òàáëèöå êîììóòàòîðîâ¿

{
[X, Y ] = αT,

[X, T ] = βZ,
(3.3)

âñå îñòàëüíûå âîçìîæíûå êîììóòàòîðû X, Y, T, Z ðàâíû

~0. Âåêòîðíûå ïî-
ëÿ X, Y, T, Z ÿâëÿþòñÿ êàíîíè÷åñêèìè [28℄ â ñëåäóþùåì ñìûñëå

exp(s(aX+bY+cT+fZ))(O) = (sa, sb, sc, sf), a, b, c, f = const, s ∈ [0, s0].

Îïðåäåëèì Box-êâàçèìåòðèêó BoxEα,β
íà ãðóïïå Eα,β ñëåäóþùèì îáðàçîì.

Ïóñòü u, v ∈ Eα,β , òîãäà v = u · (u−1v) = uc, ãäå c = (c1, c2, c3, c4) ∈ Eα,β .

Òîãäà

BoxEα,β
(u, v) = max{|c1|, |c2|, |c3|

1

2 , |c4|
1

3}. (3.4)

Îäíîïàðàìåòðè÷åñêàÿ ïîäãðóïïà ðàñòÿæåíèé δε : Eα,β → Eα,β , ε ≥ 0, äåé-
ñòâóåò íà ýëåìåíòû u = (x, y, t, z) ïî ïðàâèëó

δεu = (εx, εy, ε2t, ε3z).

Ñëåäóþùèå ñâîéñòâà, íàçûâàåìûå èíâàðèàíòíîñòüþ Box-êâàçèìåòðèêè

îòíîñèòåëüíî äåéñòâèé ðàñòÿæåíèé è ëåâûõ ñäâèãîâ, ÿâëÿþòñÿ ïðÿìûì

ñëåäñòâèåì �àêòîâ îáùåé òåîðèè, ñì. [17℄, íî èõ íåñëîæíî ïðîâåðèòü íåïî-

ñðåäñòâåííî:

BoxEα,β
(δεu, δεv) = εBoxEα,β

(u, v),
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BoxEα,β
(Pwu, Pwv) = BoxEα,β

(u, v) ∀u, v, w ∈ Eα,β.

Ñðàâíèâàÿ âûðàæåíèÿ (2.1), (2.2), (2.3), (2.4) è (3.1), (3.2), (3.3), (3.4),

ìû âèäèì, ÷òî ãðóïïó Ýíãåëÿ Eα,β ìîæíî ðàññìàòðèâàòü êàê ñâîåãî ðîäà

¾ðàñøèðåíèå¿ ãðóïïû �åéçåíáåðãà H1
α.

Ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ X, Y èç (3.2) � ãîðèçîíòàëüíûå.

Ïóñòü γ = γ(s) = (x, y, t, z)(s) ⊂ Eα,β, γ(0) = (x0, y0, t0, z0), s ∈ [0, s0], �
ãîðèçîíòàëüíàÿ êðèâàÿ. Òîãäà äëÿ ïî÷òè âñåõ s ∈ [0, s0] âûïîëíÿåòñÿ

γ̇(s) = ẋ(s)X(γ(s))+ẏ(s)Y (γ(s)) =
(
ẋ, ẏ,

α

2
(xẏ−yẋ), (−

αβ

12
xy−

β

2
t)ẋ+

αβ

12
x2ẏ

)
,

îòêóäà

{
ṫ(s) = α

2
(xẏ − yẋ),

ż(s) = (−αβ
12
xy − β

2
t)ẋ+ αβ

12
x2ẏ.

(3.5)

Èç (3.5) ñëåäóåò





t(s) = t0 +
α
2

s∫
0

(xẏ − yẋ) ds,

z(s) = z0 +
s∫
0

(
(−αβ

12
xy − β

2
t)ẋ+ αβ

12
x2ẏ

)
ds.

(3.6)

Ôîðìóëû (3.6) ìîæíî èíòåðïðåòèðîâàòü êàê �îðìóëû âîññòàíîâëåíèÿ ãî-

ðèçîíòàëüíîé êðèâîé γ(s) ïî åå ¾ãîðèçîíòàëüíîé ñîñòàâëÿþùåé¿ (x, y)(s)
è íà÷àëüíîìó óñëîâèþ (x0, y0, t0, z0).

Ñ äðóãîé ñòîðîíû, ñðàâíèâàÿ ¾ñïîñîáû âîññòàíîâëåíèÿ¿ (2.6), (3.6),

ìîæíî ñêàçàòü, ÷òî (3.6)� ¾ïîäíÿòèå¿ ãîðèçîíòàëüíîé êðèâîé σ ⊂ H1
α äî

ãîðèçîíòàëüíîé êðèâîé γ ⊂ Eα,β (ïîíÿòíî, ÷òî òàêîå ¾ïîäíÿòèå¿ íå åäèí-

ñòâåííî â ñèëó ïðîèçâîëüíîñòè íà÷àëüíîãî óñëîâèÿ z0). ×òîáû ïîä÷åðê-

íóòü, ÷òî ãîðèçîíòàëüíàÿ êðèâàÿ γ ãðóïïû Ýíãåëÿ Eα,β ÿâëÿåòñÿ ¾ïîäíÿ-

òèåì¿ ñîîòâåòñòâóþùåé ãîðèçîíòàëüíîé êðèâîé σ ãðóïïû �åéçåíáåðãà H1
α,

ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèå γσ.

Ïóñòü γ(0) = O, γ(s0) = (x0, y0, t0, z0), òîãäà

t(s0) =
α

2
x(s0)y(s0)− α

∫

γ

y dx, (3.7)

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 1, C. 18-41

Mat. Trudy, 2026, V. 29, N. 1, P. 18-41



28 Îá îäíîé �óíêöèè ðàññòîÿíèÿ íà ãðóïïå Ýíãåëÿ

z(s0) =

∫

γ

−
αβ

12
xy dx−

β

2
t dx+

αβ

12
x2 dy

= −
β

2
t(s0)x(s0) +

β

2

∫

γ

x dt+
αβ

12

∫

γ

x(x dy − y dx)

= −
β

2
t(s0)x(s0) +

β

2

∫

γ

x dt +
β

6

∫

γ

x dt = −
β

2
t(s0)x(s0) +

2β

3

∫

γ

x dt

=
β

6
t(s0)x(s0)−

2β

3

∫

γ

t dx (3.8)

Åñëè ẋ(s) = 0 ïî÷òè âñþäó, òî, ñ ó÷åòîì γ(0) = O, ìû ïîëó÷àåì, ÷òî

γ(s) = exp(sY )(O).

� 4. cc-êðàò÷àéøèå ãðóïïû Ýíãåëÿ Eα,β,

âîññòàíîâëåííûå ïî cc-êðàò÷àéøèì ãðóïïû

�åéçåíáåðãà H1
α

Çàìå÷àíèå 4.1. Â äàëüíåéøåì ñèìâîëîì ρcc ìû îáîçíà÷àåì ìåòðèêó

Êàðíî�Êàðàòåîäîðè ãðóïïû �åéçåíáåðãà H1
α.

Èçâåñòíî, ñì., íàïðèìåð, [17℄, ÷òî ìåòðèêà Êàðíî�Êàðàòåîäîðè ãðóïï

Êàðíî èíâàðèàíòíà îòíîñèòåëüíî äåéñòâèÿ îäíîïàðàìåòðè÷åñêîé ïîäãðóï-

ïû ðàñòÿæåíèé è ëåâûõ ñäâèãîâ ãðóïïû Êàðíî.

Ñâîéñòâî 4.2. Ïóñòü σ = σ(s) = (x, y, t)(s), s ∈ [0, s0], � cc-êðàò÷àéøàÿ

ãðóïïû �åéçåíáåðãà H1
α, ñîåäèíÿþùàÿ òî÷êè ñ êîîðäèíàòàìè (0, 0, 0) è

(x0, y0, t0). Òîãäà γσ = γσ(s) = (x, y, t, z)(s), s ∈ [0, s0], � cc-êðàò÷àéøàÿ

ãðóïïû Ýíãåëÿ Eα,β , ñîåäèíÿþùàÿ òî÷êè O èM0 = (x0, y0, t0, z0), ãäå �óíê-
öèÿ z(s) ïîëó÷åíà ïî �îðìóëå èç (3.6), òî÷êà z0 óäîâëåòâîðÿåò (3.8).

Äîêàçàòåëüñòâî. Îòìåòèì, ÷òî äëèíà êðèâîé σ ⊂ H
1
α ðàâíà äëèíå

êðèâîé γ ⊂ Eα,β . Ïðåäïîëîæèì, ÷òî íà ãðóïïå Eα,β íàéäåòñÿ ãîðèçîíòàëü-

íàÿ êðèâàÿ γ′ = γ′(s) = (x′, y′, t′, z′)(s), ñîåäèíÿþùàÿ òî÷êè O,M0, òàêàÿ,

÷òî äëèíà γσ áîëüøå äëèíû γ′. Êðèâàÿ σ′ = σ′(s) = (x′, y′, t′)(s) ⊂ H1
α ãîðè-

çîíòàëüíà, åå äëèíà ðàâíà äëèíå êðèâîé γ′, è îíà ñîåäèíÿåò òî÷êè ãðóïïû

�åéçåíáåðãà H1
α ñ êîîðäèíàòàìè (0, 0, 0) è (x0, y0, t0). Ïðèõîäèì ê ïðîòè-

âîðå÷èþ ñ òåì, ÷òî σ = σ(s) = (x, y, t)(s), s ∈ [0, s0], � cc-êðàò÷àéøàÿ

ãðóïïû �åéçåíáåðãà H1
α, ñîåäèíÿþùàÿ òî÷êè ñ êîîðäèíàòàìè (0, 0, 0) è

(x0, y0, t0).
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�àññìîòðèì âñåâîçìîæíûå cc-êðàò÷àéøèå σ = σ(s) = (x, y, t)(s), s ∈
[0, 1], ãðóïïû �åéçåíáåðãà H1

α ñ íà÷àëîì â òî÷êå ñ êîîðäèíàòàìè (0, 0, 0),
ïàðàìåòðèçîâàííûå äëèíîé äóãè. Îíè èìåþò âèä (ñì. [20℄)





x(s) = C1 sin(
αλ
2
s) + C2(1− cos αλ

2
s),

y(s) = C1(1− cos αλ
2
s)− C1 sin(

αλ
2
s),

t(s) =
αλs−2 sin(αλ

2
s)

αλ2 ,

(4.1)

ãäå

ẋ2(s) + ẏ2(s) = (C2
1 + C2

2 )
α2λ2

2
= 1, ẋ(0) =

αλ

2
C1, ẏ(0) = −

αλ

2
C2;

îòìåòèì, ÷òî ñëó÷àé λ = 0 â (4.1) ñîîòâåòñòâóåò îòðåçêàì èíòåãðàëüíûõ

ëèíèé âåêòîðíûõ ïîëåé âèäà ẋ(0)X + ẏ(0)Y . Åñëè cc-êðàò÷àéøèå ãðóïïû
�åéçåíáåðãà H1

α åäèíè÷íîé äëèíû, òî

λ ∈
[
−

4π

α
,
4π

α

]
;

ïðè ýòîì êàæäîé òðîéêå ÷èñåë p, ω, λ, ãäå p2 + ω2 = 1, λ ∈
(
− 4π

α
, 4π

α

)

ñîîòâåòñòâóåò åäèíñòâåííàÿ cc-êðàò÷àéøàÿ σp,ω,λ = σp,ω,λ(s) = (x, y, t)(s),
s ∈ [0, 1], òàêàÿ, ÷òî ẋ(0) = p, ẏ(0) = ω, è ïðè ýòîì îòîáðàæåíèå

ψ : (p, ω, λ) → σp,ω,λ(1)

ÿâëÿåòñÿ ãîìåîìîð�èçìîì ìåæäó ìíîæåñòâàìè S1 ×
(
− 4π

α
, 4π

α

)
, ãäå S1

�

îáû÷íàÿ åäèíè÷íàÿ îêðóæíîñòü, è Scc(1) \ ZH
1
α, ãäå Scc(1) � åäèíè÷íàÿ

ñ�åðà â ìåòðèêå Êàðíî�Êàðàòåîäîðè ãðóïïû �åéçåíáåðãà H1
α ñ öåíòðîì â

O′
, ZH1

α � ãåîìåòðè÷åñêîå ìåñòî òî÷åê öåíòðà ãðóïïû �åéçåíáåðãà H1
α.

Ìíîæåñòâî Scc(1) ∩ ZH1
α ñîñòîèò èç äâóõ òî÷åê, èìåþùèõ êîîðäèíàòû

(0, 0,± α
4π
), êàæäàÿ èç êîòîðûõ ñîåäèíÿåòñÿ âñåìè cc-êðàò÷àéøèìè âèäà

σp,ω,± 4π
α
ñîîòâåòñòâåííî. Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùåå

Ñâîéñòâî 4.3. Ëþáàÿ òî÷êà M = M(a, b, c) ∈ H1
α, ãäå a

2 + b2 6= 0,
ñîåäèíÿåòñÿ ñ òî÷êîé O′

åäèíñòâåííîé cc-êðàò÷àéøåé; ëþáàÿ òî÷êà M =
M(0, 0, c) ∈ H

1
α ñîåäèíÿåòñÿ ñ òî÷êîé O′

áåñêîíå÷íûì ÷èñëîì cc-êðàò÷àé-

øèõ.

Èñïîëüçóÿ �îðìóëû (3.5), (3.6), ó÷èòûâàÿ Ñâîéñòâî 4.2, âîññòàíîâèì

cc-êðàò÷àéøèå γσ = γσ(s) åäèíè÷íîé äëèíû ãðóïïû Ýíãåëÿ Eα,β ñ íà÷àëîì

â òî÷êå O ïî cc-êðàò÷àéøèì σ = σ(s) ãðóïïû �åéçåíáåðãà H1
α åäèíè÷íîé

äëèíû ñ íà÷àëîì â òî÷êå O′
.
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Çàìå÷àíèå 4.4. Ïóñòü λ = 0. Ëþáàÿ cc-êðàò÷àéøàÿ ãðóïïû �åéçåí-

áåðãà H1
α ñ íà÷àëîì â òî÷êå O′

èìååò âèä σ0(s) = (as, bs, 0), a2 + b2 = 1.
Òîãäà, èñïîëüçóÿ (3.8), ìû ïîëó÷àåì

γσ0
(s) = (as, bs, 0, 0), s ∈ [0, 1].

Ïóñòü λ 6= 0, σλ = σλ(s) = (xλ, yλ, tλ)(s) � íåêîòîðàÿ cc-êðàò÷àéøàÿ

ãðóïïû �åéçåíáåðãà H1
α åäèíè÷íîé äëèíû, ñîîòâåòñòâóþùàÿ âûáðàííîìó

çíà÷åíèþ λ. Èñïîëüçóÿ (3.7), (3.8), (4.1), ìû ïîëó÷àåì

zλ(s) =
β

6
tλ(s)xλ(s)−

2β

3λ

s∫

0

(
s−

2 sin(αλ
2
s)

αλ

)(
C1 cos(

αλs

2
)+C2 sin(

αλs

2
)
)
ds;

(4.2)

çäåñü (xλ, yλ, tλ, zλ)(s) = (σλ, zλ)(s) � cc-êðàò÷àéøàÿ ãðóïïû Ýíãåëÿ Eα,β ,

âîññòàíîâëåííàÿ ïî σλ. Ìû èìååì, ñì. (4.2),

J(λ, s) =

=

s∫

0

(
s−

2 sin(αλ
2
s)

αλ

)(
C1 cos(

αλs

2
) + C2 sin(

αλs

2
)
)
ds = C1

s∫

0

s cos(
αλs

2
) ds

−
2C1

αλ

s∫

0

sin(
αλs

2
) cos(

αλs

2
) ds+ C2

s∫

0

s sin(
αλs

2
) ds−

2C1

αλ

s∫

0

sin2(
αλs

2
) ds

=
4C1

α2λ2

(αλs
2

sin(
αλs

2
) + cos(

αλs

2
)− 1−

1

2
sin2(

αλs

2
)
)

+
4C2

α2λ2

(
−
αλs

2
cos(

αλs

2
) + sin(

αλs

2
) +

1

2

(
sin(

αλs

2
) cos(

αλs

2
)−

αλs

2

))
.

(4.3)

Ñâîéñòâî 4.5. Åñëè λ ∈ (−4π
α
, 4π

α
), òî òî÷êà Mλ = (σλ(1), zλ(1)) ∈ Eα,β

ñîåäèíÿåòñÿ ñ òî÷êîé O åäèíñòâåííîé cc-êðàò÷àéøåé (σλ, zλ)(s), s ∈ [0, 1].

Äîêàçàòåëüñòâî. Ñâîéñòâî 4.5 âûòåêàåò èç Ñâîéñòâ 4.2, 4.3 è Çàìå÷à-

íèÿ 4.4.

�àññìîòðèì ñëó÷àé λ = 4π
α
. Â ýòîì ñëó÷àå êîíöåâàÿ òî÷êà cc-êðàò÷àéøåé

σλ ãðóïïû �åéçåíáåðãà H1
α åäèíè÷íîé äëèíû èìååò êîîðäèíàòû (0, 0, α

4π
).

Èñïîëüçóÿ ñîîòíîøåíèÿ (4.2), (4.3), ìû ïîëó÷àåì

J(
4π

α
, 1) = −

3C2

4π
⇒ z 4π

α
(1) =

C2αβ

8π
= −

ẏ 4π
α
(0)αβ

16π2
. (4.4)

Èç (4.4) âûòåêàåò ñëåäóþùåå
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Ñâîéñòâî 4.6. Êàæäàÿ òî÷êà îòêðûòîãî îòðåçêà

I+ = I+(ω) = (0, 0,
α

4π
,−

ωαβ

16π2
), ω ∈ (−1, 1),

ñîåäèíÿåòñÿ ñ íåéòðàëüíûì ýëåìåíòîì O ãðóïïû Ýíãåëÿ Eα,β äâóìÿ cc-

êðàò÷àéøèìè åäèíè÷íîé äëèíû ñ íà÷àëüíûìè âåêòîðàìè (±p, ω, 0, 0), p2+
ω2 = 1, p > 0.

Òî÷êè (0, 0, α
4π
, ±αβ
16π2 ) ñîåäèíÿþòñÿ åäèíñòâåííûìè cc-êðàò÷àéøèìè åäè-

íè÷íîé äëèíû ñ íà÷àëüíûìè âåêòîðàìè (0,∓1, 0, 0) ñîîòâåòñòâåííî.

Ïîíÿòíî, ÷òî Ñâîéñòâî, àíàëîãè÷íîå Ñâîéñòâó 4.6, èìååò ìåñòî è äëÿ

îòðåçêà

I− = I−(ω) = (0, 0,−
α

4π
,
ωαβ

16π2
), ω ∈ [−1, 1].

� 5. Ôóíêöèÿ ðàññòîÿíèÿ dcq è åå ñâîéñòâà

5.1. Îïðåäåëåíèå �óíêöèè dcq

Äëÿ òî÷êè M1 =M1(x0, y0, t0, z0) ∈ Eα,β òàêîé, ÷òî

x20 + y20 6= 0, M2 =M2(x0, y0, t0) ∈ H
1
α, ρcc(O

′,M2) = 1,

ðàññìîòðèì cc-êðàò÷àéøóþ σλ = σλ(xλ, yλ, tλ)(s) ⊂ H1
α åäèíè÷íîé äëèíû

òàêóþ, ÷òî σλ(1) = M2. Òî÷êà M2 çäåñü îäíîçíà÷íî îïðåäåëÿåò çíà÷åíèå

λ ∈ (−4π
α
, 4π

α
) è ñîåäèíÿåòñÿ ñ O′

â H1
α åäèíñòâåííîé cc-êðàò÷àéøåé σλ.

Äàëåå, ðàññìàòðèâàåì ïîäíÿòèå γσλ
= γσλ

(xλ, yλ, tλ, zλ)(s) ⊂ Eα,β , s ∈ [0, 1].
Çíà÷åíèå zλ(1) çäåñü îïðåäåëÿåòñÿ îäíîçíà÷íî, èñïîëüçóÿ (3.8). Ïîëàãàåì

dcq(O,M1) = max{1, |z′|
1

3}, z′ = z0 − zλ(1). (5.1)

Äëÿ òî÷åê M3 = M3(0, 0,
α
4π
, z0) ∈ Eα,β ìû èìååì ρcc(O

′,M4) = 1, ãäå
M4 =M4(0, 0,

α
4π
) ∈ H1

α. �àññìîòðèì cc-êðàò÷àéøóþ σκ = σκ(xκ, yκ, tκ)(s) ⊂
H1

α åäèíè÷íîé äëèíû òàêóþ, ÷òî σκ(1) = M4, κ = 4π
α
. Äàëåå, ðàññìîòðèì

ïîäíÿòèå γσκ
= γσκ

(xκ, yκ, tκ, zκ)(s) ⊂ Eα,β, s ∈ [0, 1]. Çíà÷åíèå zκ(1) îïðåäå-
ëÿåòñÿ îäíîçíà÷íî, èñïîëüçóÿ (3.8). Îäíàêî, êàê âûòåêàåò èç Ñâîéñòâà 4.3,

cc-êðàò÷àéøàÿ σκ çäåñü îïðåäåëÿåòñÿ íåîäíîçíà÷íî. Äëÿ íàøèõ öåëåé ìû

ìîæåì âçÿòü ëþáóþ òàêóþ cc-êðàò÷àéøóþ σκ, íàïðèìåð, ñì. Ñâîéñòâî 4.6,

òàêóþ, ÷òî zκ(1) = 0. Ïîëàãàåì

dcq(O,M3) = max{1, |z0|
1

3}. (5.2)
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Àíàëîãè÷íî ìû îïðåäåëèì çíà÷åíèå dcq(O,M5) äëÿM5 =M5(0, 0,−
α
4π
, z0) ∈

Eα,β , èñïîëüçóÿ ñîîòâåòñòâóþùóþ cc-êðàò÷àéøóþ σ−κ ⊂ H1
α.

Äëÿ òî÷åê âèäà M6 =M6(0, 0,
α
4π
, z0) ∈ Eα,β ìû ïîëàãàåì

dcq(O,M6) = |z0|
1

3 . (5.3)

Çàìåòèì, ÷òî ëþáàÿ òî÷êà M ∈ Eα,β èìååò âèä M = δεMi, i = 1, 3, 5, 6,
äëÿ íåêîòîðîãî ïîäõîäÿùåãî ÷èñëà ε > 0 Èñïîëüçóÿ ýòîò �àêò, ïðè ïîìî-

ùè (5.1)�(5.3) ìû ìîæåì îïðåäåëèòü çíà÷åíèå dcq(O,M) äëÿ ëþáîé òî÷êè
M(x0, y0, t0, z0) ∈ Eα,β ñëåäóþùèì îáðàçîì

dcq(O,M) = max{l(γσ), |z̃|
1

3},

ãäå l(γσ)� äëèíà ñîîòâåòñòâóþùåé ¾âîññòàíîâëåííîé¿ cc-êðàò÷àéøåé ãðóï-

ïû Ýíãåëÿ Eα,β, z̃ ïðèíèìàåò çíà÷åíèå èëè z0 (x
2
0 + y20 = 0, ñì.(5.2),(5.3)),

èëè çíà÷åíèå, îïðåäåëÿåìîå êàê z′ (x20 + y20 6= 0, ñì. (5.1)). Ïðè ýòîì î÷å-

âèäíî âûïîëíÿåòñÿ

dcq(O, δεM) = εdcq(O,M).

�åîìåòðè÷åñêàÿ ðåàëèçàöèÿ çíà÷åíèÿ �óíêöèè dcq(O,M) äëÿ ïðî-
èçâîëüíîé òî÷êè M = M(x0, y0, t0, z0) ∈ Eα,β ñîñòîèò â ñëåäóþùåì: ñòðî-

èòñÿ cc-êðàò÷àéøàÿ γλ ãðóïïû Ýíãåëÿ (âîññòàíîâëåííàÿ ïî ñîîòâåòñòâó-

þùåé cc-êðàò÷àéøåé σλ ãðóïïû �åéçåíáåðãà H1
α, ñîåäèíÿþùàÿ O

′
è M ′

),

êîíöåâàÿ òî÷êà M̂ êîòîðîé ñîåäèíÿåòñÿ ñ òî÷êîé M ïðè ïîìîùè ñîîò-

âåòñòâóþùåãî îòðåçêà èíòåãðàëüíîé ëèíèè âåêòîðíîãî ïîëÿ Z äëèíû τ0;

äàëåå dcq(O,M) îïðåäåëÿåòñÿ êàê max{l(γλ), |τ0|
1

3}. Ñëåäîâàòåëüíî,

dcq(O,M) = 0 ⇔ O =M ∀M ∈ Eα,β .

Òàê êàê cc-êðàò÷àéøèå è èíòåãðàëüíûå ëèíèè ëåâîèíâàðèàíòíûõ âåê-

òîðíûõ ïîëåé ãðóïïû Ýíãåëÿ Eα,β èíâàðèàíòíû îòíîñèòåëüíî ëåâûõ ñäâè-

ãîâ Pw, òî, ó÷èòûâàÿ âñå âûøåñêàçàííîå, èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 5.1. Ôóíêöèÿ dcq èíâàðèàíòíà îòíîñèòåëüíî ëåâûõ ñäâèãîâ

dcq(Pwu, Pwv) = dcq(u, v) ∀u, v, w ∈ Eα,β ,

è äåéñòâèÿ îäíîïàðàìåòðè÷åñêîé ãðóïïû ðàñòÿæåíèé

dcq(δεu, δεv) = εdcq(u, v) ∀u, v ∈ Eα,β ∀ε > 0.

Ó÷èòûâàÿ Òåîðåìó 5.1, ãåîìåòðè÷åñêàÿ ðåàëèçàöèÿ çíà÷åíèÿ �óíêöèè

dcq(U,M), U,M ∈ Eα,β, U = U(x0, y0, t0, z0), M = M(x1, y1, t1, z1), ïðîèñõî-
äèò ïî ñëåäóþùåé ñõåìå: ñòðîèòñÿ cc-êðàò÷àéøàÿ γσ ãðóïïû Ýíãåëÿ (âîñ-

ñòàíîâëåííàÿ ïî ñîîòâåòñòâóþùåé cc-êðàò÷àéøåé σ ãðóïïû �åéçåíáåðãà
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H
1
α, ñîåäèíÿþùàÿ òî÷êè U ′ = U ′(x0, y0, t0) è M

′ =M ′(x1, y1, z1)), êîíöåâàÿ

òî÷êà M̂ êîòîðîé ñîåäèíÿåòñÿ ñ òî÷êîé M ïðè ïîìîùè ñîîòâåòñòâóþùåãî

îòðåçêà èíòåãðàëüíîé ëèíèè âåêòîðíîãî ïîëÿ Z äëèíû, τM ; äàëåå

dcq(U,M) = max{l(γσ), |τM |
1

3}. (5.4)

Ñëåäñòâèå 5.2. Ôóíêöèÿ dcq óäîâëåòâîðÿåò àêñèîìå òîæäåñòâà.

5.2. Ñâîéñòâà �óíêöèè dcq

Òåîðåìà 5.3. Ôóíêöèÿ dcq óäîâëåòâîðÿåò àêñèîìå ñèììåòðèè.

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ Òåîðåìó 5.1, íàì äîñòàòî÷íî ïðîâåðèòü,

÷òî

dcq(O,M) = dcq(M,O) ∀M ∈ Eα,β .

Ïóñòü M = M(x0, y0, t0, z0), x
2
0 + y20 6= 0. Ïóñòü γ = γ(s), s ∈ [0, s0], � cc-

êðàò÷àéøàÿ ãðóïïû Ýíãåëÿ Eα,β , ïàðàìåòðèçîâàííàÿ äëèíîþ äóãè, ñîåäè-

íÿþùàÿ òî÷êè O,U , âîññòàíîâëåííàÿ ïî cc-êðàò÷àéøåé ãðóïïû �åéçåíáåð-

ãà H1
α, ñîåäèíÿþùåé òî÷êè O′,M ′ = M ′(x0, y0, t0) ∈ H1

α, M = exp(τZ)(U).
Ìû èìååì

dcq(O,M) = max{s0, |τ |
1

3}.

Êðèâàÿ PMU−1γ(s0 − s), s ∈ [0, s0], ÿâëÿåòñÿ cc-êðàò÷àéøåé ãðóïïû Ýí-

ãåëÿ Eα,β , ñîåäèíÿþùåé òî÷êè M è MU−1
. Ñ äðóãîé ñòîðîíû,

MU−1 = exp(τZ)(O).

Ñëåäîâàòåëüíî,

dcq(M,O) = max{s0, |τ |
1

3}.

Îñòàëüíûå ñëó÷àè òî÷êè M äîêàçûâàþòñÿ àíàëîãè÷íî.

Ëåììà 5.4. �àññìîòðèì êðèâóþ

η = η(s) =

{
γσ(s), s ∈ [0, s0],

exp((s− s0)Z)
(
γσ(1)

)
, s ∈ [s0, s0 + τ ],

ãäå γσ = γσ(s), γ(0) = O, � cc-êðàò÷àéøàÿ ãðóïïû Ýíãåëÿ Eα,β , âîññòàíîâ-

ëåííàÿ ïî cc-êðàò÷àéøåé σ = σ(s) ãðóïïû �åéçåíáåðãà H1
α. Òîãäà

dcq(O, η(s)) ≤ dcq(O, η(s0 + τ)) = max{l(γσ), |τ |
1

3} ∀s ∈ [0, s0 + τ ].

Äîêàçàòåëüñòâî. Ëåììà 5.4 âûòåêàåò èç îïðåäåëåíèÿ �óíêöèè ðàññòî-

ÿíèÿ dcq (ñì. � 5.1).
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Ñèìâîëîì dcc îáîçíà÷èì ìåòðèêó Êàðíî�Êàðàòåîäîðè ãðóïïû Eα,β ;

ïóñòü

Bcc(v, r) = {u ∈ Eα,β | dcc(v, u) < r}.

Òåîðåìà 5.5. Ñèììåòðè÷åñêàÿ �óíêöèÿ ðàññòîÿíèÿ dcq áèëèïøèöåâî

ýêâèâàëåíòíà ìåòðèêå Êàðíî�Êàðàòåîäîðè dcc.

Äîêàçàòåëüñòâî. Áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

Bcq(v, r) = {u ∈ Eα,β | dcq(v, u) < r}.

�àññìîòðèì ïðîèçâîëüíóþ cc-êðàò÷àéøóþ σ = σ(s) åäèíè÷íîé äëèíû,
ïàðàìåòðèçîâàííóþ äëèíîþ äóãè,

σ = σ(s) = (xσ, yσ, tσ)(s) ⊂ H
1
α, σ(0) = O′.

Ïóñòü γσ = γσ(s) = (xσ, yσ, tσ, zσ)(s) ⊂ Eα,β , s ∈ [0, 1], γσ(0) = O, � cc-

êðàò÷àéøàÿ, âîññòàíîâëåííàÿ ïî σ. Ïóñòü

sup
s∈[0,1]

|zσ(s)| = hσ, h = sup
σ
hσ.

Ó÷èòûâàÿ Ëåììó 5.4, ìû ìîæåì ñäåëàòü âûâîä î òîì, ÷òî íàéäóòñÿ

÷èñëà ε0, h0 òàêèå, ÷òî äëÿ êàæäîé òî÷êè ìíîæåñòâà w ∈ S(ε0, h0) âûïîë-
íÿåòñÿ

dcq(O,w) < ĥ

äëÿ íåêîòîðîé êîíñòàíòû ĥ = ĥ(h), íå çàâèñÿùåé îò âûáîðà òî÷êè w; çäåñü

S(ε0, h0) =
⋃

u∈S0(ε0)

exp(sT )(u), s ∈ [−h0, h0],

ãäå

S0(ε0) =
⋃

M(x, y, t, 0), ρcc
(
O′,M ′(x, y, t)

)
< ε0.

Ïîíÿòíî, ÷òî íàéäåòñÿ ÷èñëî ε̂ > 0 òàêîå, ÷òî

Bcc(O,
ε̂

ĥ
ĥ) = Bcc(O, ε̂) ⊂ S(ε0, h0) ⊂ Bcq(O, ĥ). (5.5)

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ äëÿ ãðóïïû Ýíãåëÿ Eα,β òåîðåìó Ball-Box è

íåðàâåíñòâî òðåóãîëüíèêà äëÿ ìåòðèêè Êàðíî�Êàðàòåîäîðè dcc, íåñëîæ-

íî óáåäèòüñÿ â òîì, ÷òî íàéäåòñÿ êîíñòàíòà C1 > 0 òàêàÿ, ÷òî

Bcq(O, ĥ) ⊂ Bcc(O,C1ĥ). (5.6)
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Èñïîëüçóÿ äåéñòâèå ïîäãðóïïû ðàñòÿæåíèé δε, ñì. Òåîðåìó 5.1, è (5.5), (5.6),

ìû ïîëó÷àåì

Bcc(O,C2r) ⊂ Bcq(O, r) ⊂ Bcc(O,C1r), (5.7)

ãäå C2 = ε̂

ĥ
. Èç (5.7) è èíâàðèàíòíîñòè �óíêöèè ðàññòîÿíèÿ dcq îòíîñè-

òåëüíî äåéñòâèÿ ëåâûõ ñäâèãîâ, ìû ïîëó÷àåì

dcc(u, v)

C1

≤ dcq(u, v) ≤
dcc(u, v)

C2

.

Ñëåäñòâèå 5.6. Ôóíêöèÿ dcq óäîâëåòâîðÿåò îáîáùåííîìó íåðàâåíñòâó

òðåóãîëüíèêà.

Ñâîéñòâî 5.7. Ïóñòü dcq(u, w) = l(γσ), ñì. (5.4). Òîãäà dcq(u, w) ≤
dcq(u, v) + dcq(v, w) ∀v ∈ Eα,β.

Äîêàçàòåëüñòâî. Ñâîéñòâî 5.7 âûòåêàåò èç îïðåäåëåíèÿ �óíêöèè ðàñ-

ñòîÿíèÿ dcq è îáû÷íîãî íåðàâåíñòâà òðåóãîëüíèêà äëÿ ìåòðèêè Êàðíî �

Êàðàòåîäîðè.

Óòâåðæäåíèå 5.8. Ñóùåñòâóþò ïàðàìåòðû α, β òàêèå, ÷òî �óíêöèÿ

ðàññòîÿíèÿ dcq íå áóäåò ñèììåòðè÷åñêîé (1, q)-êâàçèìåòðèêîé.

Äîêàçàòåëüñòâî. Ïóñòü α, β òàêîâû, ÷òî

αβ
16π2 > 1, ñì. Ñâîéñòâî 4.6.

Ïóñòü A = A(0, 0, α
4π
, αβ
16π2 ). Ìû èìååì dcq(O,A) =

∣∣ αβ
16π2

∣∣ 1

3
. Èñïîëüçóÿ äî-

ñòàòî÷íî èçâåñòíûå ñâîéñòâà ðàñïðåäåëåíèÿ cc-êðàò÷àéøèõ ãðóïïû �åé-

çåíáåðãà (ñì. Ñâîéñòâî 4.3, à òàêæå [20℄), Ñâîéñòâà 4.5, 4.6 è òåîðåìû

î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèé îáûêíîâåííûõ äè��åðåíöèàëüíûõ

óðàâíåíèé îò ïàðàìåòðîâ, íåñëîæíî ñäåëàòü âûâîä î òîì, ÷òî íàéäåòñÿ

ïîñëåäîâàòåëüíîñòü òî÷åê {Ai}, êàæäàÿ èç êîòîðûõ ñîåäèíÿåòñÿ ñ òî÷êîé

O íåêîòîðîé cc-êðàò÷àéøåé γσi
ãðóïïû Ýíãåëÿ Eα,β , âîññòàíîâëåííîé ïî

íåêîòîðîé cc-êðàò÷àéøåé σi ãðóïïû �åéçåíáåðãà H1
α, è ïðè ýòîì

Ai →i→∞ A, l(γσi
) →i→∞ 1, dcq(O,Ai) = l(γσi

). (5.8)

Èç (5.8) ìû ïîëó÷àåì, ÷òî lim
i→∞

dcq(O,Ai) 6= dcq(O,A). Òàêèì îáðàçîì, ïðè

âûáðàííûõ ïàðàìåòðàõ α, β ñèììåòðè÷åñêàÿ �óíêöèÿ ðàññòîÿíèÿ dcq íå

ÿâëÿåòñÿ íåïðåðûâíîé ïî âòîðîìó àðãóìåíòó, à çíà÷èò, è íå ìîæåò áûòü

(1, q)-êâàçèìåòðèêîé, ñì. Ñëåäñòâèå 1.3.
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